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Abstrat
We investigate a mehanial system onsisting of innite number
of harmonially oupled pendulums whih an impat on two rigid
rods. Beause of gravitational fore the system has two degenerate
ground states. The related topologial kink  likely the simplest one
presented in literature so far  is a ompaton, that is it has stritly
nite extension. In the present paper we eluidate the relation of suh
system with sine-Gordon model. Also, solutions desribing waves with
large amplitude, and an asymptoti formula for the width of the kink
are obtained.
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1 Introdution
Theoretial studies of lassial mehanial systems with large number of de-
grees of freedom are relevant to many branhes of ondensed matter physis
(not to mention engineering sienes), where quantal aspets of mirosopi
world are pratially not visible. Moreover, sine the seminal work of Fermi,
Pasta and Ulam [1℄ it is lear that suh systems an also provide useful mod-
els on whih onepts of theoretial physis an be tested or illustrated. For
example, studies of anharmoni latties give insights into nonlinear transport
phenomena, see e.g., [2℄, or mehanisms of thermal ondutivity, see, e.g., [3℄.
Another example: sine-Gordon solitons, whih appear in many plaes inlud-
ing quantum eld theory (the duality with Thirring model), have beautiful
realisation in a system omposed of harmonially oupled pendulums, see,
e.g., [4℄.
In reent papers [5, 6℄ we have investigated a mehanial system  de-
sribed below in Setion 2  whih has innite number of degrees of freedom.
It exhibits spontaneous symmetry breaking and related to it topologial kink
and antikink. Its main attrative feature is extraordinary simpliity of the
kink. It has stritly nite extension equal to π in a ertain limit, and in
that limit the kink is represented by the piee of sine funtion in the inter-
val [−π/2, π/2]. To the best of our knowledge, it is the simplest topologial
defet presented in literature so far. Furthermore, time evolution of the sys-
tem during the symmetry breaking transition an be desribed analytially.
For these reasons, the system is quite interesting as a testing ground for
various ideas of theory of topologial defets. Physis of suh objets poses
many very interesting albeit hard to solve dynamial questions, see [7, 8℄ for
overviews.
The purpose of the present paper is to supplement our previous investi-
gations [5, 6℄. In next Setion we briey reall the model and ertain results
in order to make the paper self-ontained. We also introdue a folding trans-
formation whih maps trajetories of ertain auxilliary, simpler model into
trajetories of our system. Setion 3 is devoted to large amplitude waves 
the ones having small amplitudes were investigated in [6℄. The two types of
waves involve very dierent kinds of motion. In Setion 4 we alulate the
width of the kink in a limit when it inreases to innity. Connetion of our
system with the one onsidered in onnetion with the sine-Gordon soliton
is eluidated in Setion 5. We show that from mathematial viewpoint the
unfolded version of our model an be regarded as non-analytially perturbed
sine-Gordon system. In partiular, the sine-Gordon soliton and breather pro-
vide approximate solutions of our model. Nevertheless, our system and the
sine-Gordon system are very dierent from physial viewpoint. Finally, in
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Setion 6 we point out several dynamial problems whih an be posed within
our model and whih, in our opinion, deserve a areful investigations.
2 The model and the folding transformation
We onsider one dimensional model with the Lagrangian
L =
1
2
(∂τφ)
2 − 1
2
(∂ξφ)
2 − V (φ), (1)
where the eld potential V (φ) has the form
V (φ) =
{
cosφ− 1 for |φ| ≤ φ0
∞ for |φ| > φ0, (2)
see Fig.1. Here φ0 is a onstant, π > φ0 > 0. Thus, all values of the real eld
φ are restrited to the interval [−φ0, φ0]. The potential has two symmetri
minima at φ = ±φ0, and it is not ontinuous at them.
0−φ
φ
0φ
(φ)V
Fig.1. The potential V (φ)
This model desribes an innite set of harmonially oupled pendulums in a
homogeneous gravitational eld: ξ is a dimensionless oordinate along a wire
to whih the pendulums are attahed, τ is a dimensionless time variable, and
φ(ξ, τ) is equal to the angle between the upward vertial diretion and the
arm of the pendulum loated at the point ξ and time τ . The pendulums an
move only in planes perpendiular to the wire. The restrition
− φ0 ≤ φ ≤ φ0 (3)
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is enfored by two rigid rods parallel to the wire. We assume that the pen-
dulums boune elastially from the rods. For a more detailed desription of
this system see [5℄.
Time evolution of φ(ξ, τ) is governed by the following equation
(∂2τ − ∂2ξ )φ = sinφ if |φ| < φ0, (4)
and by the elasti bouning ondition
∂τφ(ξ, τ)→ −∂τφ(ξ, τ) if φ(ξ, τ) = ±φ0. (5)
Hene, the time evolution of the veloities ∂τφ is in general not ontinuous.
The vertial upward position, that is φ = 0, is unstable. The stable positions
are given by φ = ±φ0. Energy of the system is onserved. Typial motion of
a pendulum onsists of smooth `ights' bewteen impats with the rigid rods.
In the ase φ0 ≪ 1 we may replae sin φ by φ, and istead of Eq.(4) we
then have
(∂2τ − ∂2ξ )φ = φ if |φ| < φ0. (6)
Physially, the kink is obtained when the pendulums gradually turn from
one rod to the other one along the wire. Its enter is identied with the point
ξ1 suh that φ(ξ1) = 0  the orresponding pendulum points in the upward
diretion. Stati kink is represented by a time-independent solution φc(ξ) of
Eq. (4) or Eq.(6) whih interpolates between −φ0 and +φ0, and suh that
φc and ∂ξφc are ontinuous when φc → ±φ0. Suh solutions have partiularly
simple form in the ase of Eq. (6): for example, the kink loated at ξ1 = 0
is given just by
φc(ξ) =


−φ0 for ξ ≤ −π2 ,
φ0 sin ξ for −π2 ≤ ξ ≤ π2 ,
φ0 for ξ ≥ π2 .
(7)
Anti-kink is represented by φc(ξ) = −φc(ξ). Translations or `Lorentz' boosts
give, respetively, shifted or moving kink or anti-kink. As disussed in [5℄,
the kink has stritly nite extension for any φ0 < π. Therefore, it is a simple
example of so alled ompatons whih were found for modied Korteweg-
deVries models [9, 10, 11℄, and in a system of pendulums with non-trivial
anharmoni oupling between them [12℄.
Condition (5) is quite troublesome beause it introdues disontinuity in
phase spae trajetories of pendulums. For this reason, often it is onvenient
to `unfold' the model. By this we mean passing to a new model with a
new eld φ(ξ, τ) suh that ∂τφ has ontinuous time evolution. φ an take
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arbitrary real values. The relation between φ and φ has the following form.
If
φ ∈ [−φ0 + 2kφ0, φ0 + 2kφ0], (8)
where k is an integer, then
φ(ξ, τ) =
{
φ(ξ, τ)− 2kφ0 if k is even
2kφ0 − φ(ξ, τ) if k is odd. (9)
The impats on the rods our when φ = φ0 + 2lφ0 with integer l. Relation
(9) is depited in Fig. 2.
0−φ 2φ φφ
φ−φ φ
0 0 0 0
0 0
−2φ
Fig.2. The folding transformation
Evolution of φ is governed by the equation
(∂2τ − ∂2ξ )φ = −
dV (φ)
dφ
, (10)
where V (φ) is given by the following formula: if φ belongs to the interval (8),
then in the ase of Eq.(4)
V (φ) = cos(φ− 2kφ0)− 1,
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see Fig. 3,
0
V
φ
−φ φ 2φ 3φ
0 0 0
Fig.3. The potential V (φ)
and
V (φ) = −1
2
(φ− 2kφ0)2 (11)
in the ase of Eq.(6).
Time evolution of φ and of its rst derivatives ∂τφ, ∂ξφ is ontinuous. It
follows from transformation (9) that ondition (5) is automatially satised.
3 Waves of impating pendulums
Let us rst onsider uniform motions of the pendulums, i.e., the ones suh
that φ does not depend on ξ. In this ase Eq.(6) is redued to
d2φ
dτ 2
= φ (12)
if
|φ| < φ0.
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The energy integral of motion orresponding to Eq.(12) has the form
φ˙2 − φ2 = c0. (13)
In the ase the onstant c0 is positive we may write c0 = u
2, where u > 0 is
the absolute value of the veloity of pendulums at the vertial upward posi-
tion (φ = 0). This lass of trajetories desribes the pendulums impating
simultaneously on one barrier rod with the veloity (u2 + φ20)
1/2
, elastially
bouning bak from it and moving over the upward positon and further, un-
til they impat on the other rod, from whih they are reeted again  the
motion is periodi in time. The pertinent solutions of Eq.(12) have the form
φ(τ) = ±u sinh(τ − τ0). (14)
At the time τ0 all pendulums are in the vertial position. They fall onto one
of the rods at the time τq suh that
u sinh(τq − τ0) = φ0. (15)
Hene,
τq − τ0 = Arsinh(φ0/u) = ln

φ0
u
+
√
1 +
φ20
u2

 . (16)
The period T0 of this motion is given by the formula
T0 = 4(τq − τ0). (17)
The phase spae piture of trajetories of this type is presented in Fig. 4
by the urve A. Beause the veloity hanges its sign at the moment of the
impat, the trajetory onsist of two disonneted parts.
The urves B and C in Fig. 4 represent two dierent sets of trajetories
suh that the pendulums do not pass through the vertial position (φ = 0):
the pendulums boune from one rod, raise a little bit and fall on the same
rod. Also this motion is periodi in time. The orresponding solutions of
Eq.(12) have the form
φ(τ) = ±φm cosh(τ − τ0), (18)
where φm is a onstant suh that 0 < φm < φ0. In this ase, c0 = −φ2m
in formula (13). At the time τ0 pendulums reah their highest position,
φ(τ0) = ±φm. They fall on the rod after the time interval τq − τ0, where
cosh(τq − τ0) = φ0
φm
. (19)
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Hene,
τq − τ0 = ln

 φ0
φm
+
√√√√ φ20
φ2m
− 1

 . (20)
The period is equal to T0 = 4(τq− τ0). Waves generated from these solutions
were disussed in [5℄.
.
φφ 0−φ
A
A
BC
0
φ
Fig.4. Phase spae trajetories of the uniformly impating pendulums
There are solutions of Eq.(12) for whih c0 = 0:
φ±(τ) = Aφ0 exp[±(τ − τ0)], (21)
where A = ±1. The solution φ+ desribes pendulums whih at the time τ0
start to move up from one of the rods with the initial veloity Aφ0 and reah
the upward position at τ = +∞. The other solution desribes the reverse
proess. These motions are not periodi (T0 = ∞), and they separate the
previous three lasses of trajetories. In Fig. 4 they are represented by the
dashed lines.
Finally, the thik dot in the enter of Fig. 4 denotes the trivial, unstable
trajetory φ = 0, and the thik dots at φ = ±φ0 the stable equilibrium
positions.
The spatially homogeneous solutions disussed above an easily be gen-
eralized to solutions desribing periodi in time and spae waves just by
performing a Lorentz-like boost. For example, in the familiar ase of Klein-
Gordon wave equation for a salar eld ψ, ✷ψ = m20ψ, instead of Eq.(12)
we have d2ψ/dτ 2 = −m20ψ with the solutions ψ = A exp(±im0τ). Lorentz
boost with veloity w, where |w| < 1, amounts to the substitution τ → ζ =
8
γ(τ − wξ), where γ = (1 − w2)−1/2. In this way we obtain the plane wave
with the frequeny ω = ±γm0 and the wave vetor k = ±m0γw suh that
ω2 − k2 = m20.
Applying the boost to the solutions of the lass B or C we obtain waves
whih oinide with the waves disussed in our previous work [6℄ after the
substitution w = 1/v. Waves obtained from solution A are ombined piee-
wise from the funtions
φ(τ, ξ) = ±u sinh(ζ − τ0), (22)
see Fig. 5.
0
φ
φ 0
−τ 2τ 3τ
ζ
a b
τq q q q
−φ
Fig.5. The wave of impating pendulums
Here
ζ =
vτ − ξ√
v2 − 1 , (23)
τ0 is a onstant, and v is the phase veloity of the wave. It is assumed that
|v| > 1. The group veloity is equal to the boost veloity w = 1/v. The wave
length and the frequeny are equal to
λ0 = 4
√
v2 − 1(τq − τ0), ω0 = v√
v2 − 1
1
T0
,
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where T0 is given by formula (17). Depending on the value of v, λ0 an be
any positive number, while 0 < |ω0| < 1/T0. When v → ∞ we reover the
uniformly bouning pendulums: λ0 =∞, ω0 = T−10 .
The trik with boost an be applied if we have a solution whih exists for
all τ  otherwise we would obtain φ(ξ, τ) on a part of the ξ axis only. For
this reason, solutions (21) have to be ombined together in order to over
the whole time axis. There are two possibilities whih dier by overall sign
fator:
φ(τ) =
{
φ0 exp(τ − τ0) for τ ≤ τ0,
φ0 exp(τ0 − τ) for τ ≥ τ0,
and −φ(τ). Boosting these solutions onsists of replaing τ by ζ as above.
We obtain a travelling wave in whih the pendulum loated at ξ1 hits the
rod at the time
τ1 =
√
v2 − 1
v
τ0 +
ξ1
v
,
while all other pendulums either are raising (those at ξ < ξ1) or falling down
(those at ξ > ξ1).
4 The width of the ompaton when φ0 → π−
In the partiular ase when φ0 = π the two rods merge into one put below the
wire whih supports the pendulums, and the angle φ an take arbitrary value
in the interval [−φ0, φ0]. As far as the stati ongurations are onsidered,
suh a system of pendulums oinides with the one orresponding to the
sine-Gordon equation, where the rod is absent altogether. The point is that
the least energy ongurations of the systems oinide. Of ourse, for time-
dependent ongurations the two systems remain dierent beause in our
system the pendulums boune from the rod, while in the sine-Gordon one
they an move without enountering any obstales.
The soliton of sine-Gordon model has innite extension beause of its
exponential tails. On the other hand, the ompaton does not have tails for
any φ0 < π. Therefore, its width ξ0(φ0) should be divergent when φ0 → π
from below. In [5℄ we have obtained the following formula for the width
ξ0(φ0) =
φ0√
2
∫ 1
0
dλ
1√
cos(λφ0)− cosφ0
. (24)
Substituting here φ0 = π − ǫ, ǫ > 0 and hanging the integration variable to
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σ = (π − ǫ)λ/2 we obtain
ξ0(φ0) =
∫ π/2−ǫ/2
0
dσ
1√
cos2(ǫ/2)− sin2 σ
. (25)
Seond hange of integration variable, namely
σ → s = sin σ
cos(ǫ/2)
yields the ellipti integral of the rst kind
ξ0(φ0) =
∫ 1
0
ds
1√
(1− s2 cos2(ǫ/2))(1− s2)
. (26)
Thus,
ξ0(π − ǫ) = K(cos2 ǫ
2
). (27)
Beause
K(x) ∼= 1
2
ln
16
1− x
for x→ 1−, see e.g. [13℄, we nally obtain that
ξ0(π − ǫ) ∼= ln 4
sin ǫ
2
(28)
when ǫ → 0 + . Thus, the width of the ompaton diverges logarithmially
when φ0 → π−.
5 Equivalene with the non-analytially per-
turbed sine-Gordon system
The potential V (φ) is periodi in φ, hene it an be written as Fourier series.
Straightforward alulations show that potential (11) an be written in the
form
V (φ) = −φ
2
0
6
[
1 +
12
π2
∞∑
n=1
(−1)n
n2
cos(
nπ
φ0
φ)
]
. (29)
It is lear from Fig. 3 that the derivative V with respet to φ does not exist
at the points φ = kφ0, where k is an odd integer. At these points the Fourier
series for dV (φ)/dφ is divergent.
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The onstant and the n = 1 terms in formula (29) give the potential
V (1)(φ) = −φ
2
0
6
+
2φ20
π2
cos(
π
φ0
φ), (30)
whih is analyti in φ. Let us introdue the new eld
ψ(
√
2τ,
√
2ξ) =
π
φ0
φ(ξ, τ) + π. (31)
Euler - Lagrange equation obtained from the potential V (1)(φ) an be written
in the form
(∂2τ − ∂2ξ )ψ(τ, ξ) = − sinψ(τ, ξ), (32)
whih is idential with the sine-Gordon equation (on both sides we have
replaed
√
2τ,
√
2ξ by τ, ξ).
The n > 1 terms in formula (29) give the non-analyti perturbation of
the sine-Gordon potential (30),
V pert(ψ) = −
∞∑
n=2
1
n2
cos(nψ),
and of the sine-Gordon equation
(∂2τ − ∂2ξ )ψ = − sinψ −
∞∑
n=2
sin(nψ)
n
.
The sum on the r.h.s. of the last equation is nite for all values of ψ, but
it is not ontinuous at ψ = 2kπ, where k is integer. This follows from the
formula ∞∑
n=2
sin(nψ)
n
=
i
2
ln(−eiψ)− sinψ
and the fat that ln funtion has a ut along the negative part of the real
axis.
The replaement of V (φ) by V (1)(φ) gives the sine-Gordon approximation
to our system. The folding transformation applied to V (1)(φ) yields the
potential
V (1)(φ) = −φ
2
0
6
+
2φ20
π2
cos(
π
φ0
φ)
where −φ0 ≤ φ ≤ φ0. It is presented in Fig. 6. The vertial lines at φ = ±φ0
in Fig. 6 orrespond to the two rods. The main dierene between this
potential and the original one, see Fig. 1, is that now the rst derivative of
the potential vanishes at eah of the two minima. This fat has profound
inuene on the shape of the soliton at large ξ: the soliton aquires the
exponential tails.
12
−φ
V
(1)
0 φ 0
φ
(φ)
Fig.6. The potential V (1)(φ).
It is lear that with the help of the sine-Gordon approximation and for-
mula (9) we an utilise the well-known exat solutions of sine-Gordon equa-
tion in order to obtain approximate solutions of our system. For example,
the sine-Gordon breather [4℄ gives
φ(ξ, τ) =
4φ0
π
arctan


sin
( √
2 p τ√
1+p2
)
p cosh
( √
2 ξ√
1+p2
)

− φ0, (33)
where 0 < p < ∞ is a parameter. The folding transformation transforms
this solution into the approximate trajetory of our system of pendulums: at
the time τ = 0 all pendulums are just bouning from the rod at φ = −φ0,
next they move up. Some of them an ross the upward vertial position
provided that p ≤ 1, but they do not reah the other rod. All pendulums
stop simultaneously at the time
τm =
π
√
1 + p2
2
√
2p
,
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and they begin to slide bak to the rod, from whih they boune again at the
time 2τm.. The motion is periodi in time. We do not know whether there
exists breather in our original system with evolution equation (4) or (6).
6 Remarks
1. Our model has several attrative features: simpliity of dierential equa-
tion (6); the simple analytial form (7) of the kink; neat physial realisation
as the system of pendulums with their motions restrited by the two rigid
rods. For these reasons we believe that the model an be useful for ase
studies of suh interesting yet diult to understand in detail phenomena as
prodution of topologial defets during symmetry breaking transitions (er-
tain preliminary results in this diretion were presented in [6℄), sattering
of kink on anti-kink, or interation of kink with a boundary in analogy to
investigations reported in [14℄.
2. Mehanial systems with impat have been investigated reently in on-
netion with so alled grazing bifuration as a road to haoti behaviour,
see, e. g., [15, 16℄  the dynamis of suh systems is far from trivial. Our
system is of eld theoretial type, that is it has innite number of degrees
of freedom, while most studies presented in literature so far are devoted to
nite systems. It would be very interesting to nd out whether the haoti
motions are present in our system and, if present, what is their role in dy-
namis of ompatons.
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